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Based on an approach suggested by Stewart et al. Phys. Fluids 6, 2515 1994 we develop a model
to simulate deflagration-to-detonation transition DDT in pentaerythritol tetranitrate PETN
powders. The model uses a continuum mechanics formulation of conservation laws for a mixture of
solid reactants and gas products, written in terms of mixture quantities plus two independent
variables used to account for exothermic conversion of solid reactants into gas products, and
compaction associated with pore collapse and grain rearrangement. We propose a simple empirical
dependence of the reaction rate on the initial bed compaction that allows us to calibrate the model
for a wide range of initial conditions. For the solid reactants we use a wide-ranging equation of state
EOS developed by Davis and co-workers in a series of papers Proceedings of the Tenth
International Symposium on Detonation, 1993, pp. 369–376; Explosive Effects and Applications
Springer, New York, 1998, Chap. 1, Combust. Flame 120, 399 2000; Proceedings of the 12th
International Symposium Detonation, San Diego, CA, 2002, pp. 624–631; . ONR 333-05-2;
Proceedings of the Eighth Detonation Symposium, 1985, pp. 785–795; Proceedings of the 11th
International Symposium on Detonation, 1998, pp. 303–308. The EOS for powder uses the P-
model of Herrmann J. Appl. Phys. 40, 2490 1969 and Carrol and Holt J. Appl. Phys. 43, 759
1972. To close the system, we suggest phenomenological closure relations, consistent with the
limit of a compressible inert material and of a solid fully reactive material, such that the EOS can
be posed only in terms of mixture quantities and the reaction and compaction variables. We
demonstrate the model’s ability to capture DDT in PETN powders by matching transients typically
observed in experiments through simulation. We show that for flows calculated using nonideal EOSs
and complex reaction kinetics such as those formulated in our model, it is possible to define a
separatrix, i.e., the C+ characteristic that separates the C+ characteristics that evolve into the
detonation front from those that evolve away from it. We comment on the effects that the variability
in the grain microstructure in PETN explosive powder beds can have on the overall mechanics of
DDT and discuss possible ways to model this. © 2008 American Institute of Physics.
DOI: 10.1063/1.2970168
I. INTRODUCTION
In this paper we present a model for deflagration-to-
detonation transition DDT in pentaerythritol tetranitrate
PETN explosive powder beds. The DDT in PETN has re-
ceived a fair amount of experimental study and hence the
development of a predictive model for PETN is of general
scientific interest. The ability to predict and quantify DDT in
explosive powders is important for a number of engineering
applications and safety issues. An example is the design and
understanding of miniaturized systems that may use new na-
noengineered energetic materials in the study of small reli-
able detonators and for direct optical initiation of
explosives.10 Predicting the response of damaged explosives
to impacts or to varied thermal stimulus is important in the
evaluation of potential hazards of accidental initiation of
condensed explosives, rocket motor propellants, and explo-
sive powders.11
The DDT phenomenon in granular beds of energetic ma-
terials is influenced by chemistry and thermomechanics at
the dimensions of the grain scale of the explosive reactant
and scales below. Macroscale DDT in explosive powders has
well-defined characteristics and is amenable to description
by continuum models that in some sense average over the
microstructure. Multiscale phenomena such as DDT can be
extremely difficult to compute across all relevant scales.
Then, at the largest engineering or macro- scale, a predic-
tive model must be simple enough to increase the speed of
computations since transient multidimensional flows that
emanate from the explosive beds interact in complex geom-
etries with multiple materials. A predictive model should ide-
ally be simple enough to allow resolved calculation of solu-
tions to the model while not neglecting physical details and
ingredients that are needed to describe the essential DDT
transients.
A predictive model that captures the average behavior of
explosive powders will provide a baseline continuum model
for the average behavior of the DDT that subsequently can
frame and be compared against newer stochastic models that
consider the effects of particle size distribution in powders of
this type. Although the average response of explosive pow-aElectronic mail: dss@uiuc.edu.
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ders is well characterized, variables used to measure DDT in
granular explosive materials, such as the distance to detona-
tion, x, show considerable sensitivity to the variation in the
microstructure of the powder bed. For example, the small
scale initiator studies of Kennedy et al.10 used PETN powder
beds with average grain sizes of 180 m and 50% and 56%
initial theoretical maximum densities TMDs ignited with
explosive bridge wires and direct optical initiators OIs. The
measured distance to detonation, x, was about 1 mm or
roughly five mean grain diameters. Plots of distance to deto-
nation as a function of initial packing density of the powder
bed shown by Korotkov et al.,12 Luebcke et al.,13,14 Seay and
Seely,15 and Stirpe et al.16 exhibit variations from the mean
behavior that can be as high as 100% or more.
A. Related studies and background
1. Experiments
Standard measures of explosive initiation are the dis-
tance to detonation, x, and the distance to detonation brea-
kout, xb, as functions of the input stimulus. In piston gener-
ated shock initiation events, x and xb are measured from the
face of the initiator to the position where detonation occurs
and to the position where the detonation wave overcomes the
lead shock compaction wave, respectively. Early experimen-
tal studies by Seay and Seely15 and Stirpe et al.16 determined
the distance to detonation breakout for different values of
initial shock strengths for PETN powders with initial pack-
ing densities of 1.72, 1.6, 1.0 g /cm3, which correspond to
98%, 91%, and 57% of PETN TMD, respectively. A baratol
charge was used to drive a shock wave through a series of
inert attenuators to deliver a plane shock into a powdered
PETN wedge. A streak camera recorded the position of dis-
turbances on the wedge surface opposite the shock attenua-
tor, providing optical records of the wave front progress,
from which time and distance to shock breakout were mea-
sured.
Stirpe et al.16 developed straight line regressions for the
logarithm of xb as a function of the logarithm of the induced
shock pressure at the initiator for different values of the ini-
tial powder bed densities. Their results show that powder
beds with higher packing densities require higher initial
shock pressures from the initiator to obtain a detonation
breakout within a specified distance. For a given initial pow-
der bed density, higher initiation shock pressures lead to
shorter distances to detonation breakout. The shock experi-
ments of Seay and Seely15 and Stirpe et al.16 are probably the
closest to the simulations carried out by us.
Korotkov et al.12 used an electrically heated igniter that
lights a combustion front without pressurizing the powder
test bed.17 The occurrence of detonation events was deter-
mined by distinct marks left in the interior of the channel.
Distinct deflagrations were observed during the transition to
detonation in PETN powders for a large range of initial bed
packing densities and for powders with mean grain diameters
of 20, 120, and 500 m. The measured distance to detona-
tion, x, as a function of the initial bed density 0 has a
U-shape form with a minimum xmin
 at 0min. As the mean
size of the powder grains was increased from 20 to 120 m,
the value of xmin
 did not change significantly but the value of
0min increased. The values of 0 ,xmin were found to be
similar for powders with grain lengths of 120 and 500 m.
The distance to detonation increased significantly for pack-
ing densities smaller than 0min. Optical records also
showed retonation waves that originate close to the same
point where detonations occur.
In order to separate the effects of burning of grains ad-
jacent to thermal igniters from the effects of compaction on
the DDT, McAfee et al.18 conducted experiments using a
high velocity piston impacting on high melting explosive
HMX powders confined in a tube. The explosive powders
employed in these experiments had grain sizes distributed
between 10 and 100 m and near 70% packing TMDs. Pres-
sure sensitive pins were spaced on the edge of the tube to
measure the progress of pressure waves, optical fibers were
used to measure light emissions, and lead foils were used to
track particle positions along the column. The same experi-
mental instrumentation was used later by McAfee et al.19 to
study the transients produced by a gasless pyrotechnic igniter
and compare them to the transients produced by piston im-
pact experiments.
The same authors19 made the following observations
about the events occurring in the bed near a thermal igniter
during the early stages after onset. As burning progresses and
the rate of burning increases, products expand through the
grains, causing the pressure to rise. The bed ahead of this
burning region is pressed and compaction causes voids to
close, creating a plug that restricts the flow of product gases
into the unburnt region. After the flow of gases is restricted,
burning continues and pressure builds up behind the plug.
The region behind the plug is isolated from the rest of the
explosive bed and acts like an accelerating piston. The simi-
larity of the results from Refs. 18 and 19 show that the
mechanisms leading to DDT are the same when using ther-
mal and shock or piston initiators, and that DDT in porous
beds is produced by events that follow compaction.
In studies by Luebcke et al.,13,14 PETN powders were
confined in a steel channel with a polycarbonate window that
allowed visualization of transient events using high speed
streak photography. A gasless pyrotechnic igniter was used to
ignite beds with several initial packing densities. Distance to
detonation was read from the streak records. Plots of x as a
function of 0 exhibit a U-shaped curve similar to those
shown in Ref. 12. Other experiments that study different
types of igniters have also reported DDT in PETN powders.
For example, Watson et al.20 used flyer plates, Kennedy et
al.10 and Martin et al.21 used explosive bridge wires, and
Kennedy et al.10 used direct OIs.
The DDT in PETN powders observed in experiments in
Refs. 12–16 are represented schematically in Fig. 1 and are
described as follows. A piston moving to the right along the
x direction impacts a powder bed at x=0 and generates a
compaction wave. The force exerted by the piston on the bed
causes grains to rearrange, collapse, and fracture. Traction
forces and sliding between grain surfaces create hotspots that
lead to increasing surface burning. As burning progresses,
the pressure and temperature of the products increase, lead-
ing to more burning and generating a deflagration wave that
043519-2 J. A. Sáenz and D. S. Stewart J. Appl. Phys. 104, 043519 2008
Downloaded 07 Dec 2011 to 150.203.8.49. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions
travels toward the unburnt material. At this stage, a plot of
pressure along the axis of the explosive column at a fixed
instant of time would show a gradient where pressure de-
creases with increasing x in the burning region, followed by
a region of constant pressure in the unburnt compacted re-
gion behind the compaction wave, and a drop across the
compaction wave front down to ambient pressure. Higher
pressures produce higher burning rates and more energy re-
lease, steepening the pressure gradient along the axis of the
channel and accelerating the burning wave as time
progresses. Steepening of the pressure profile continues,
leading to a shock and initiating detonation. A retonation
wave is originated at the point where detonation begins, trav-
eling in −x at a speed smaller than the detonation wave.
Detonation may occur in front or behind the compaction
wave depending on whether the burning wave overtakes the
compaction wave or not.
2. Modeling approaches
Continuum mechanics theory has been used to formulate
mixture theory models of different complexities, where
phases internally exchange mass, momentum, and energy.
Transport equations are required for each phase. Simplified
mixture theory models are formulated entirely in terms of
mixture quantities, with the internal state variable represent-
ing change in composition, and material properties due to
reconfiguration between the phases.
Two-phase models for porous and damaged explosives
date back to the work by Kuo et al.22 and a later implemen-
tation by Baer and Nunziato23 that used a formalism based
on binary mixture theories of Truesdell24 and Passman et
al.,25 where reactant and product phases are accounted for
separately. Mass, momentum, and energy conservation laws
for each phase and a volume fraction evolution equation give
a total of seven equations in one dimension. Defining models
for the exchange of mass, momentum, and energy between
phases and defining closure relations constitute major mod-
eling efforts and add to the complexity of the Baer–Nunziato
BN model.
Several attempts have been made to come up with sim-
plifications to the BN model, such as those found by Powers
et al.26 and that discussed in the simplified phase exchange
laws as in the Bdzil–Kapila–Stewart BKS model. Bdzil and
Son11 gave a nice summary of the state of modeling art in
1996. A detailed informative assessment of modeling can be
found in Ref. 27, where systematic asymptotic reductions in
the BN two-phase model are discussed. Xu and Stewart28
introduced an additional void phase to produce the solid-
void-gas SVG model, where three independent phases are
considered, combined with heuristic conditions between
phases to close the model.
Stewart et al.1 proposed the simplified Stewart–Prasad–
Asay SPA model for DDT in HMX powders that uses a
formulation in terms of product-reactant mixture quantities
and two internal state variables that represent the processes
of reaction and compaction. The first presentation of their
model used an ideal equation of state EOS and simple re-
action and compaction laws.1 SPA models are mathemati-
cally simpler than BN-type models for two or more phases as
they require fewer mixture and closure relations. The results
from Ref. 1, as well as the implementation in Ref. 28 that
used nonideal EOSs for reactant and for product phases,
shows that a formulation of this type is capable of represent-
ing the transients and mechanisms in a DDT observed in
experiments. In particular, the EOS for the porous explosive
uses the P- model of Herrmann8 and Carrol and Holt,9
which can be used to justify the simple endothermic process
used by Stewart et al.1
In a comparative study, Xu and Stewart28 tested three
models, BKS, SVG, and SPA, each with a nonideal EOS.
The models were calibrated to match experimental data for
HMX powders, and the same simulations of DDT initiation
events were performed with each model. They found that the
SVG and SPA models, once calibrated, match experimental
data for distance to detonation as a function of initial shock
pressure. Both SVG and SPA exhibit similar U-shape plots
for the distance to detonation as a function of the initial bed
packing density and both reproduce well the qualitative fea-
tures observed in a DDT transient. They observe that the
BKS model has trouble in capturing some elements of the
DDT transient and it does not show a U-shape behavior for
the distance to detonation as a function of initial packing
density of the powder bed, as observed in Ref. 12 and in Ref.
13 for PETN powders.
To extend the applicability to complex materials and ge-
ometries, we build upon the model in Ref. 1 by employing a
nonideal EOS and developing more complex reaction and
compaction rate laws and more complex mixture relations.
Reaction and compaction are accounted for independently as
state variables for which conservation equations may be
written, as opposed to the single volume fraction evolution
equations in the BN model. Again, the P- model is used to
describe the EOS for porous reactants. The results from Refs.
28–30 show that this simplified formulation does an excel-
lent job in capturing the mechanics of DDT in both HMX
and PETN for a broad range of initial powder packing den-
sities.
The objective of this paper is to formulate a predictive
model for DDT in PETN powders. We follow the approach
used in the SPA model in Ref. 1, with some additions and
differences. We chose this model because it has a simple and
tractable mathematical structure and because it captures the
FIG. 1. Schematic of a DDT using a thermal initiator.
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primary mechanism by which DDT occurs in explosive pow-
ders, namely, a compaction wave followed by a burning
wave that builds up to a shock wave.
We begin this paper by describing the model in Sec. II,
starting with the Euler equations for an inviscid, compress-
ible fluid and the conservation equations for the reaction and
the compaction progress variables. We discuss the mixture
EOS for a fully dense condensed explosive in Sec. II A and
for a porous explosive in Sec. II B. The compaction rate
model is described in Sec. II C. A description of the reaction
rate model used to adjust a wide range of initial powder bed
packing densities is given in Sec. II D. In Sec. III we briefly
discuss the numerical methods used to solve the governing
equations and describe the calibration process. We continue
in Sec. IV with a discussion of simulations of experiments
for which data are available that will allow us to evaluate the
ability of the model to capture DDT transients in PETN pow-
ders for a broad range of powder packing densities. To finish,
in Sec. V we present conclusions and comment on directions
for future work based on the comparison of the results from
the model simulations with the experimental observations.
II. MODEL
To model DDT we use the continuum mixture theory
formulation proposed in Refs. 28 and 29. The PETN explo-
sive powder is assumed to be a mixture of a porous solid
reactant and a products gas. The Euler equations for a com-
pressible fluid are used to describe the mixture, along with
two material evolution equations that describe the conversion
of reactants to products and the compaction of the porous
solid due to the rearrangement and deformation of the solid
granular matrix. The conservation equations for mixture
mass, momentum, energy, as well as reaction and compac-
tion progress variables written in conservation form in one
dimension are given by
u
t
+
f
x
= S . 1
The quantities u, f, and S are vectors of conserved vari-
ables, fluxes, and source terms, respectively, given by
u = 

u
e + u2/2


, f = 
u
u2 + p
ue + u2/2 + p/
u
u
 ,
S = 
0
0
0
r
r,
 , 2
where  is the density, u is the velocity in the x direction, and
e is the specific internal energy of the mixture. The compac-
tion variable  is defined as the ratio of the volume of solids
to the total mixture volume in a representative volume ele-
ment. For a fully compacted bed, =1, and for beds that are
not fully compacted, 01. The reaction progress vari-
able  is defined as the ratio of mass products to the total
mass of a representative volume element. The rates r and r
represent the compaction and reaction rates, respectively.
A. Mixture equation of state: Fully dense condensed
explosives
For the reactant and the product EOS, we use the wide-
ranging form developed by Davis and co-workers in a series
of papers.2–7 This form was developed to cover the wide
range of states encountered in detonation problems and is an
empirically stated EOS, albeit developed with significant
physical considerations. Recently, Wescott et al.,31 Lambert
et al.,32 and Stewart et al.33 used this “wide-ranging” EOS
WR-EOS to develop models of condensed explosives that
are capable of true predictions of detonation dynamics for
states outside the range of the calibration of the model. We
propose a modified form of WR-EOS to model the porous
solid reactant since the original implementation did not ac-
count for compaction effects. We briefly describe the WR-
EOS, mixture closure conditions, and modifications we make
here to account for compaction.
The WR-EOS uses the Mie–Grüneissen form for isolated
phases, namely,
ep,v = esv +
v
v
p − psv or pe,v = psv
+
v
v
e − esv , 3
where e, p, and v are the specific internal energy, pressure,
and specific volume, respectively. We will use r and p sub-
scripts to denote reactants and products, respectively. The
superscript s represents the reference states, i.e., the isen-
trope that passes through the Chapman-Jouget CJ state for
products or shock Hugoniot states for reactants. The forms of
the equations for the reference values pp
s v, ep
s v, and pv
for the products and pr
sv, er
sv, and rv for the reactants
may be found in Ref. 31 and are summarized in the Appen-
dix.
The closure relations used for the WR-EOS model are
the conditions of pressure equilibrium between reactants and
products,
pr = pp = p , 4
and specification of the ratio of specific volumes of reactants
and products, so that the mixture specific volume is given by
v = 1 − vr + vp with  = vr/vp. 5
Stewart et al.5 showed that the values of  vary between
approximately 0.8 and 1.0 and that the sensitivity of the WR-
EOS to  is low. They show that a good approximation is to
set =0.95 when 	0, and when =0 one can set =1.
Alternatively one can assume temperature equilibrium be-
tween phases, a condition used in Ref. 31, or even a condi-
tion on isentropic expansion of the solid phase. Equation 5
can be recast as
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vp =
v
 + 1 − 
, vr =
v
 + 1 − 
. 6
The original WR-EOS does not account for compaction
effects. Therefore Eq. 6 should be the closure relations for
the limiting case of states with advanced compaction, as 
→1.
B. Mixture equation of state: Porous or powdered
explosives
For granular or porous explosives one must account for
the absence of energy in the volume not initially occupied by
dense reactants voids. Following the approach found in
Ref. 28 we assume that condensed reactants, product gases,
and voids occupy regions within a differential control vol-
ume of the mixture. The void is not a phase in itself but it
does occupy a portion of the control volume and hence has
an associated volume fraction. Let us define the reactant vol-
ume fraction as a measure of compaction by
 =
vr
v
. 7
Consider two limiting cases. First, in the limit of low or
incipient reaction when →0, the energy and the pressure in
the gas phase are small compared to those in the solid phase,
and the volume occupied by any gas can be considered to be
void. The solid reactants sustain the pressure distributed
within the mixture and contain the energy in the mixture.
This limit corresponds to a porous solid and can be repre-
sented by the P- model of Herrmann8 and Carroll and
Holt.9 The void volume is assumed to be distributed within
the reactant solid and in the absence of product gases the
reactant and void comprise a porous solid, denoted by a ps
subscript.
If vps, pps, and eps are the specific volume, pressure, and
specific internal energy of the porous solid, then the modified
Carroll–Holt model can be stated as
vr = vps, vp → 0, pr = pps/ 8
and
epspps,vps, = erpps/,vps . 9
The second limit is when reaction is well advanced, 
=O1. The physical meaning of the compaction variable in
regards to its representation of the microstructure is not clear
since the bed is no longer a powder or granular bed but
instead a hot gas-molten condensed material mixture. It
makes less sense to talk about voids and grains in this limit.
However, one needs to define a limiting value for  for
modeling purposes. It is still the case that energy can be
absorbed by internal reconfiguration of the microstructure.
Consider the following scenario. Reaction starts primarily
due to the effects associated with compaction, such as pres-
sure increase in the solid matrix and friction and surface area
increase due to fracture of grains. These mechanisms lead to
an increase in the specific internal energy of the powder bed.
At some point the bed loses its capacity to absorb energy due
to compaction and the effect associated with energy absorp-
tion due to microstructural reconfiguration comes to an end.
Only reaction is active. A reasonable assumption is to insist
that as →1, →1 as well. In this limit we assume that
vr → 0, vp = v , 10
pr = pp = p and ep,v, = epp,v . 11
The energy EOS for the mixture of porous solid con-
densed reactant and void and products is a mass weighted
average of the energies in each phase. This leads to a mixture
energy EOS, ev , p , , as a function of the specific vol-
ume v, the pressure p, and the reaction and compaction
progress variables  and . If  is the mass fraction of the
products, then for the mixture of porous solid and products
we write
ev,p,, = 1 − epsvps,pps, + epvp,pp 12
and
v = 1 − vps + vp. 13
Mixture closure relations are required to provide addi-
tional relations between pps, vps, pp, vp, and the mixture state
variables p ,v. We assume that there is pressure equilibrium
between the porous solid and products and that their pres-
sures are the same as the mixture pressure,
pps = pp = p . 14
The pressure in the condensed reactant phase is higher and
depends on the reactant volume fraction with pr= p /.
We assume that the ratio of the reactant specific volume
to the product specific volume can be given by a modifica-
tion in the definition of  from that for the fully dense ex-
plosive in Eq. 5. Let
 vps/vp, 15
where we assume once again that  can be specified as a
closure constant or as a function of mixture variables and
that it is known. Note that definition 15 is consistent with
Eq. 5 in the limit →1. Substitutions of the definitions in
Eqs. 15 and 8 into Eq. 13 lead to
vp =
v
 + 1 − 
, vps =
v
 + 1 − 
, and
vr =
v
 + 1 − 
. 16
The ep ,v , , EOS is thus summarized by
ev,p,, = 1 − erp/,vr + epp,vp . 17
This modified EOS is consistent with the limits described
earlier. For an inert, when =0, we get vps=v and vr=v,
which limits the EOS for a porous solid. When the compac-
tion variable advances to =1 we get the closure relations
used in the WR-EOS model.
C. Compaction rate
Compaction is associated with the densification of the
bed and is a net endothermic process. Densification occurs as
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pores collapse due to grain rearrangement, grain deforma-
tion, and/or grain failure. As mentioned earlier, experiments
in Ref. 19 suggest that DDT is a direct consequence of the
compaction process. During compaction, damage occurs to
individual explosive grains, creating more surface area that
will be available for in situ surface combustion. Also, defor-
mation of the grains increases the specific internal energy of
the reactants, putting them in a state that is closer to burning.
To describe the compaction process we use the P- model8,9
and an EOS of the form ep ,v , for the porous reactant
solid. In addition, we follow the phenomenological approach
used in Ref. 28 where the isothermal quasistatic response of
the porous reactant solid is of the form
peqb = p0 + P . 18
where peqb is the volume average pressure in the porous
solid, p0 is the initial pressure at =0, and P is called
the “configurational stress.”
The configurational stress dependence usually is deter-
mined from quasistatic compaction experiments the experi-
mentally determined P- relation. A common observation is
that the experimentally determined quasistatic bed
pressure—porosity 1 / response—is a good fit to a
quadratic P- relation, i.e.,
 − 1
0 − 1
= 1 − P
Ph
	2, 19
where the parameter Ph is called the hardening pressure, or
consolidation pressure, for bed pressures above which the
porous material will crush to solid density.
The compaction rate is assumed to be proportional to the
difference between the average pressure in the bed, p, and
the equilibrium pressure peqb, i.e., p− peqb. This assumption,
along with Eq. 19, gives
r = k
p − p0 − Ph1 −01 − 
1 − 0
 , 20
The parameter k is a parameter that derives from consider-
ation of dynamic relaxation processes in the bed, and its
value reflects the rise time to achieve a given state of com-
paction when the porous material is subjected to constant
velocity piston impact.
D. Reaction rate
An important experimental observation from Refs. 12
and 13 is the form of the dependence of the distance to
detonation, x, on the initial bed packing density 0 which
has a U shape with a minimum xm
 at 0m. A possible expla-
nation for this is as follows. The compaction process absorbs
energy, increasing the specific internal energy of the powder
and decreasing the interstitial space between reactive grains.
When the powder has a low density with a low initial com-
paction, reactant grains will tend to rearrange mostly by
translation and rotation as they are pushed by the piston, and
energy is not absorbed by damage mechanisms because con-
siderable deformation does not occur. At a very high initial
compaction one imagines that the surface area in contact
with the void region is minimized. The reaction mechanism
is likely to be dominated by volumetric decomposition
mechanisms. For intermediate values of initial compaction,
grains increase their support of the bed pressure through in-
creasing intergrain contacts. As grains lockup they deform
and rearrange, experiencing intergranular friction, shear, and
associated damage that generates additional surface area, ex-
posed to the hot gas products from burning. This mechanism
presumably accelerates the burning rate and leads to an ear-
lier transition to detonation. These types of explanations
make reference to microstructural mechanisms in the bed
under compressive loading. They are consistent with the as-
sumption that the burning rate depends on the initial packing
density of the powder bed, 0=TMD 0.
Experimental observation of a well-defined slow burn-
ing region and of a detonation wave led Xu and Stewart28 to
use two distinct reaction rates that were active depending on
the value of the mixture density to model DDT in granular
HMX explosives. Their HMX reaction model has a slow and
a fast reaction rate of the form
r = Hp − pign


k21 −  + 02,   c slow ,k1p/pcj1 − 1,  	 c fast ,  21
where subscripts 2 and 1 refer to the slow grain surface re-
action and fast volumetric reaction rates, respectively. The
parameters pcj, k1, k2, 0, , 1, and 2 are model parameters
that were determined by calibrating numerical simulations to
match experimental data. Hp is the Heaviside function or
cutoff function, used as a switch to turn on reaction when
ppign, where pign is a parameter. The density where the
rates switch, c, was chosen to fit experimental data.
As an aside, numerical simulations of the reactive Euler
equations exhibit artifacts behaviors that do not limit to so-
lutions of the underlying partial differential equations
PDEs if a reaction rate such as Eq. 21 is used without a
premultiplying cut-off function. The cut-off function simply
monitors a state function such as the pressure or density,
such that for a value below the cutoff, the rate is set equal to
zero. If the cutoff is absent, Colella et al.34 showed that small
amounts of reaction caused by weak or precursor disturbance
in the numerical shock structure can allow propagation of
waves such as weak detonations in classical detonation
theory that are maintained by numerical diffusion on a
coarse grid and weak reaction from the source term. The fast
reaction rate constant k1 is typically larger than the slow
reaction rate constant k2, and without a cut-off function the
fast reaction will drive a false numerical wave.
For the modeling in this paper we use a reaction rate
equation similar to Eq. 21, with some modifications. In-
stead of two reaction rate equations we use one where the
reaction rate parameters are assumed to depend on the initial
bed compaction 0. We also multiply the reaction rate by a
pressure cutoff function for the reasons cited in the previous
paragraph. The reaction rate is given by
r = Hp − pignk0p/pcj01 − 0. 22
The rationale behind a 0 dependence for k, , and  is
simply that the underlying microstructure, such as grain size,
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particle size distribution, and particle morphology, deter-
mines the reaction rate r. We found that the following
simple forms:
k0 = d1 expa10
2
− b10 + c1 s−1, 0
= a0
2
− b0 + c,
 = const, 23
were sufficient to reproduce the experimentally observed
U-shape dependence of the distance to detonation, x, on the
initial state of compaction 0. Equation 23 is empirically
based and is used here as a first approximation to include the
effects of compaction on the reaction rate. More detailed
physically based reaction rate models and/or parameter de-
pendences may be developed, e.g., by taking into account the
effects of the microstructure of the powder in the generation
of hotspots and reaction sites.
III. CALIBRATION TO PETN POWDERS
In one dimension, the model is constituted by the Euler
equations 1 and 2, the mixture EOS given by Eqs. 16
and 17, and the compaction and reaction rate given by Eqs.
20 and 22. This system of hyperbolic PDEs is solved
using the method of lines with standard total variation dimin-
ishing, third order Runge–Kutta time integration.35 A fifth
order weighted essentially non-oscillatory WENO
scheme36 is used for the spatial discretization with Lax
Friedrichs flux splitting.
A WR-EOS was developed for fully dense PETN explo-
sive using the procedures described by Wescott et al.31 and in
Wescott’s thesis.37 The input, derived, and calibrated param-
eters for the reactant are shown in Table I and those for the
products are shown in Table II.
The hardening parameter Ph affects the compaction
wave velocity and k affects the thickness of the compaction
wave. The parameter Ph was calibrated to match up-Us data
for initial values of 0=0.91 and 0=0.60, as determined
from experiments.16 The parameter k was adjusted to pro-
duce a steady compaction wave thickness of approximately 2
mm for a powder with an initial porosity of 0=0.75. The
calibrated parameters are listed in Table III. A Rankine–
Hugoniot analysis of the compaction end states for the po-
rous reactant was done using the standard conservation rela-
tions and the equilibrium compaction condition. Figure 2
shows the results obtained from the Rankine–Hugoniot
analysis with =0 along with the experimental data ob-
tained from Ref. 16.
Reaction rate parameters k0, 0, and 0 in Eq.
22 are adjusted to match fits to experimental data for dis-
tance to detonation breakout p versus xb found in Ref. 16.
These experiments used a baratol charge to send a shock
wave into driver plates to deliver an attenuated and uniform
plane shock wave into a wedge of PETN explosive with a
fixed value of initial compaction. The distance from the edge
of the initiator for the detonation wave to emerge, xb, on the
diagonal side of the PETN wedge was measured and plotted
against the initial shock pressure for 0 values of 1.0, 0.91,
and 0.6, as shown in Fig. 3.
For a given initial porosity 0, 0 is fixed to 0.4, and
0 is varied to adjust the slope of the p versus xb curve.
The compaction rate constant k0 is varied to change the
intersection of the p-xb curve with the xb axis, increasing
k0 to move the curve up or decreasing it to move the
curve down. This procedure is repeated for the available data
from Ref. 16, 0=1.0, 0=0.9, and 0=0.6. The values of
the calibrated parameters fitted to the experiments are shown
in Table IV, and the comparison of simulation and the ex-
perimentally derived correlations of p versus xb is shown in
Fig. 3. The values of the calibrated parameters were then
used to determine the quadratic polynomials that are used for
the function . For reaction rate parameters k0, logk
was fitted to a quadratic polynomial as a function of 0. The
calibrated quadratic polynomials for k0 and 0 are
k0 = 4.31 exp76.470
2
− 142.220 + 71.38 s−1,
24
TABLE I. Calibrated parameters for the reactant WR-EOS.
A mm /s B C Z r
0 q kJ/g TMD
g /cm3
Cv
J /kg K
2.30 2.50 0.70 −0.8066 1.22 5.71 1.76 992
TABLE II. Calibrated parameters for the product WR-EOS.
a k vc cm3 /g pc GPa n b Cv J /kg K
0.7579 1.30 1.2171 1.5899 0.9570 0.80 650
TABLE III. Calibrated parameters for the compaction rate equation.
Ph k
0.07 GPa 31.5 GPa−1 s−1
FIG. 2. Color online up-Us plot obtained with the calibrated model for
porous reactants. Solid points are experimental data from Stirpe et al. Ref.
16 and the asterisks are results from simulations using calibrated param-
eters for different values of initial bed compaction 0, as labeled.
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0 = 25.62702 − 42.5040 + 20.676. 25
IV. SIMULATIONS
The model was calibrated to data from Stirpe et al.,16 as
described in Sec. III. To evaluate the ability of the model to
represent DDT phenomena in PETN powders, we compare
the behavior of our model to simulations by Stewart et al.1
We also carried out several simulations that were compared
to data from experiments by Seay and Seely,15 Korotkov et
al.,12 Luebcke et al.,14 Kennedy et al.,10 and Martin et al.21
These experiments use different initiation mechanisms to ig-
nite PETN beds with a wide range of particle sizes and pack-
ing densities.
A. Inert compaction waves
Stewart et al.1 showed in a model with a simple ideal
EOS, ep ,v ,, that there are distinct compaction wave
structures for waves that propagate subsonically or super-
sonically with respect to the quiescent unperturbed bed. A
subsonic inert compaction wave has a smooth transition from
the quiescent state to the steady compacted state. In a super-
sonic inert compaction wave, the powder bed is shocked
with no compaction and then experiences a steady compac-
tion process. To check that our model is consistent with this
behavior, we perform two simulations where a piston im-
pacts a bed of inert powder at 75% compaction using two
piston velocities of up=100 m /s and up=2000 m /s to cre-
ate a subsonic and a supersonic compaction wave, respec-
tively. The subsonic steady compaction wave is shown in
Fig. 4 and the supersonic steady compaction wave is shown
in Fig. 5 after the piston collision transient. The simulation
results displayed in Fig. 2 show the steady compaction wave
speeds that result after reverse impact transients.
B. Deflagration to detonation
In order to evaluate our model for PETN in a compre-
hensive way, we examined the experiments of Seay and
Seely,15 Korotkov et al.,12 Stirpe et al.,16 Luebcke et al.,14
Kennedy et al.,10 and Martin et al.21 Our simulations of DDT
used a reverse impact configuration where unreacted materi-
als, moving at the piston impact speed, were decelerated by a
stationary wall. The experiments that are closest to the mode
of initiation used in our simulations are the shock initiation
experiments of Seay and Seely15 and Stirpe et al.16 The re-
maining experiments for DDT in PETN have used other
modes of initiation. Korotkov et al.12 used an igniter that
delivered a nonpressurized burning front onto the testing
powder bed. Luebcke et al.14 used a gasless boron/potassium
dichromate mixture with a product reaction temperature
greater than the ignition temperature of PETN to start a large
FIG. 3. Distance to detonation breakout xb as a function of initial shock
pressure p in PETN powder for 0=1.0, 0=0.91, and 0=0.60, as la-
beled. Solid lines represent fits to the experimental data and empty markers
represent experimental data obtained by Refs. 15 and 16. Filled markers
represent data obtained with the calibrated model.
TABLE IV. Calibrated values for reaction rate constants.
0 k 1 /s  
1.00 1200 3.80 0.4
0.91 850 3.22 0.4
0.60 3.4
106 4.40 0.4
FIG. 4. Steady inert compaction wave profile at t=15 s, computed using
up=100 m /s.
FIG. 5. Steady inert compaction wave profile at t=0.02 s, computed using
up=2000 m /s.
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flame in the explosive bed at the igniter explosive interface.
The experiments of Martin et al.21 and of Kennedy et al.10
used explosive bridge wires. Additionally, Kennedy et al.10
used an optical laser initiator that ablated a thin metal film of
titanium into a porous PETN bed. The ablative action pre-
sents both a thermal and a shock loading of the bed at the
interface.38
The purpose of this paper is to demonstrate the ability of
the model outlined earlier to describe DDT in PETN pow-
ders. For this reason we focus on using the effective piston as
a representative form of generalized initial conditions for our
simulations. In comparing our simulated results against the
experiments listed above, we note that it is difficult to mea-
sure exactly where the effective edge of the bed should start
in the case of nonshock not piston driven initiation of the
bed. The initial conditions produced by the thermal or laser
initiation can involve complex processes such as plasma for-
mation, ablation, and flow through the grains and fracture,
deformation, and reaction in the powder bed. As mentioned
in Refs. 29 and 38 the interface between the bed and a ther-
mal or ablative initiator is essentially a boundary layer and is
likely to be on the order of the grain size. This level of
complexity is not considered here. The lack of information
about this end effect for the bed introduces an uncertainty in
the estimation of where to place the effective piston when
comparing with the reverse impact experiments. On the other
hand one does expect to reproduce experimental behavior as
bed conditions are varied if a systematic shift in x or xb is
accounted for. The effective piston approach used here is not
intended to replace detailed modeling of a thermal initiator.
We use the effective piston to assess the ability of the model
to represent behaviors observed in experiments. Direct simu-
lation of the complex boundary conditions generated by ther-
mal initiators may require more detailed multiphase models.
1. Variation of initial compaction and piston velocity
and comparisons with experiments
Luebcke et al.14 explored the effect of initial porosity of
PETN powders on the distance to detonation in their ther-
mally initiated experiments. They measured the distance to
detonation as the distance from the initiator/explosive bed
interface to where the detonation starts in the laboratory
frame. The result is a typical U-shaped 0 versus x plot
where the distance to detonation has a minimum at approxi-
mately 0=0.7. For values of 0 greater than approximately
0.85–0.9, they observed that the distance to detonation ex-
ceeded the size of the explosive sample, and that the distance
to detonation increased for initial porosities lower than 0.65.
The velocity of the compaction wave is not reported in their
experiments, and also there is no information about the ini-
tial shock wave pressure that would allow us to calculate the
initial effective piston velocity to simulate these experiments.
Korotkov et al.12 carried out a similar set of experiments on
PETN beds with three different mean grain sizes 20, 120,
and 50 m and found that larger grains cause the U-shaped
curves to shift to the right, and that grain size had no appre-
ciable effect on the minimum distance to detonation, x, ob-
served.
Curves of xb versus 0 obtained from simulations using
several fixed piston velocities up are shown in Fig. 6. Our
model produces U-shaped 0 versus xb plots, similar to those
observed in experimental 0 versus x data in Refs. 12 and
14. In our simulations, each curve of constant up has a mini-
mum at xb ,0min. As the piston velocity increases,
xb ,0min moves down and to the left.
The 0 ,x data from experiments on beds with three
different mean grain sizes by Korotkov et al.12 and Luebcke
et al.14 are also shown in Fig. 6. The experimental data
shown in Fig. 6 were obtained using thermal initiators while
we simulate DDT events caused by a piston impact initiator.
When using thermal initiators, it is reasonable to expect the
“effective piston” velocity to vary with the initial compaction
of the bed related to the surface area available for burning
that drives the plug expansion and to accelerate. These ve-
locity variations explain the difference between 0 versus x
profiles and 0 versus xb constant velocity curves shown in
Fig. 6. The difference between distance to detonation break-
out and distance to detonation xb−x may vary with piston
velocity and with the initial powder compaction 0, and also
contribute to differences between 0 versus x profiles and
0 versus xb curves in Fig. 6. Experiments where piston ve-
locity or where particle velocity associated with shock pres-
sure in shock initiators is controlled would provide data that
could be directly compared to the 0 versus xb curves ob-
tained with our model.
2. Particle velocity records
Kennedy et al.10 developed an OI that ablated a thin
metal film of titanium into a porous PETN bed, which sub-
sequently underwent a DDT event similar to that described
in this paper. To study the transients in the detonation events,
they carried out a series of cutback experiments. In these
experiments, several cylindrical PETN powder bed samples
were prepared using the same powder size distribution and
FIG. 6. Color online Effect of the initial porosity 0 on the distance to
detonation breakout xb from simulations solid lines using different piston
velocities up, as indicated. Also shown are experimental data for distance
to detonation, x, from Korotkov et al. Ref. 12 for mean particle sizes of
20 m + and 500 m 
 and from Luebcke et al. Ref. 14 asterisks.
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packing density but varying the length of each sample. On
one end of each sample, an OI was placed to ignite the bed.
The position of the opposite end of the sample was tracked
and recorded with time. With these data, they constructed
velocity records following particles at different distances
from the face of the initiator. Results indicate that particles
that are close to the initiator only experience the passing of
the compaction wave, while particles that are farther away
are accelerated after the compaction wave has passed, indi-
cating the presence of a burning front. These events suggest
the occurrence of a DDT. Specifically, in Ref. 10 a VISAR
system was used to measure the particle velocity of the free
interface as the wave emerged from the sample. Early at-
tempts with a less sophisticated model than that described
here were carried out to replicate the particle velocity records
of those experiments.29,38
We performed some simulations to verify that our model
replicates the behavior observed in the experiments by
Kennedy et al.,10 at least qualitatively. In the simulations, we
used a reverse piston impact configuration, corresponding to
a piston traveling at a speed of 1000 m/s, and a column of
PETN with an initial compaction of 0=0.75. The transients
are shown by particle velocity curves in Fig. 7 and by con-
tour plots of field variables in the time-space plane for the
piston reference frame in Figs. 8–12. We indicate some of
the main features in the contour plots using the following
notation: compaction wave C, burning region B, detona-
tion D, the detonation wave in the compacted material
D1, and the detonation wave in the unperturbed material
D2. The distance x is measured from the piston face at t
=0 when the piston impacts the PETN powder bed. Addi-
tionally, Fig. 7 shows the particle velocities in the piston
reference frame for particles at ten different initial positions
spaced every 0.01 mm in the PETN powder column. Trajec-
tories for these particles are outlined in the density contours
in the x-t plane shown in Fig. 8. Depending on the initial
position, particles experience different behaviors representa-
tive of distinct phases of the DDT process as shown in Figs.
7 and 8. In Fig. 7, particle velocities through an inert me-
dium are represented in dotted lines for the first four par-
ticles.
Particles closest to the piston face at 0.01 mm or closer
experience the passage of the primary compaction wave with
very little acceleration due to burning, as can be seen from
comparing the reactive compaction wave with the inert com-
paction wave. Burning can be identified by the ramp wave
FIG. 7. Particle velocities that result from simulations where a column of
PETN with 0=0.75, traveling at a speed of 1000 m/s in the negative x
direction, hits an impermeable wall at x=0. Velocities are shown for par-
ticles at ten different initial positions spaced every 0.01 mm from the origin.
Dashed lines correspond to simulations of an inert PETN powder and solid
lines correspond to simulations of a reactive PETN powder. Initial positions
are measured from the face where the piston impacts.
FIG. 8. Color online Density x-t plot in the piston reference frame for
simulation of reactive PETN powder shown in Fig. 7. Time=0 s when the
piston impacts the powder bed. Also shown are trajectories for particles for
which velocities are plotted in Fig. 7.
FIG. 9. Color online Pressure x-t plot in the piston reference frame for
simulation of reactive PETN powder shown in Fig. 7. C indicates the com-
paction wave, and D1 and D2 indicate the detonation wave through the
compacted bed and through the undisturbed bed, respectively.
FIG. 10. Color online Velocity x-t plot in the piston reference frame for
simulation of reactive PETN powder shown in Fig. 7. C indicates the com-
paction wave, and D1 and D2 indicate the detonation wave through the
compacted bed and through the undisturbed bed, respectively.
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that makes particle velocities positive in these plots. When
the particle exits the burning region, the material particles
come to rest. The peak velocity in the burning region in-
creases for particles that are farther away from the piston
face. Finally, the particle located at x=0.06 mm from the
piston face sixth curve from left to right experiences the
detonation wave after being compacted, as shown in Figs. 7
and 8. The occurrence of the detonation D is evident from
the thickness of the reaction zone behind the shock, as can be
seen in Fig. 11. In these runs, the detonation occurs in the
compacted material. The detonation wave speed is
7.24 mm s−1 through the compacted material and slows
down to 5.6 mm s−1 after it over-rides the compaction
wave and enters the unperturbed powder bed. The detonation
pressure in Fig. 9 is about 37 GPa. These values are consis-
tent with experimental observations in Ref. 14.
3. Separatrix and self-sustained detonations
In a recent study, Kasimov and Stewart39 showed that in
unsteady detonations, the sonic locus defines a separatrix of
forward characteristics. The reaction zone between the sepa-
ratrix and the detonation front is separated from the influence
of the flow behind it. The work by Kasimov and Stewart39
uses one-dimensional 1D planar detonations with one-step
Arrhenius kinetics and an ideal EOS to show that a separa-
trix that plays the role of an information boundary can be
found.
Using the model described in this paper we show that a
separatrix exists and can be found for 1D planar detonations
with complex reaction kinetics and nonideal EOS. We use
data from reverse piston impact simulations to calculate the
C+ characteristics shock facing acoustic characteristics of
the flow. We find the sonic locus, i.e., the characteristic
where dx /dt=u+c=D, in regions where the flow becomes
steady and define it as the separatrix. Results using a piston
velocity of 400 m/s and 50%, 75%, and 100% initial TMDs
are shown in Figs. 13–15, respectively. Field values of u+c
in the x-t plane in regions near the detonation front are
shown, along with C+ characteristic curves. The separatrix is
represented by the thick solid line in each plot. In each case,
the separatrix remains at a finite nonzero distance from the
detonation front. The characteristics in front of the separatrix
reach the detonation front in a finite time, while the charac-
teristics behind the separatrix retreat from the reaction zone
between the separatrix and the detonation front. The flow in
the region behind the reaction zone does not affect the dy-
namics of the detonation wave.
4. Variation observed within experiments
It has been observed that there is a considerable amount
of variability exhibited between different events or runs of
FIG. 11. Color online Reaction progress variable x-t plot in the piston
reference frame for simulation of reactive PETN powder shown in Fig. 7. B
indicates the burning region, and D1 and D2 indicate the detonation wave
through the compacted bed and through the undisturbed bed, respectively.
FIG. 12. Color online Compaction progress variable x-t plot in the piston
reference frame for simulation of reactive PETN powder shown in Fig. 7. C
indicates the compaction wave, and D1 and D2 indicate the detonation wave
through the compacted bed and through the undisturbed bed, respectively.
FIG. 13. Color online Details of field values of u+c and C+ characteristic
lines for a flow generated by a reverse piston impact simulation with a
piston velocity of 400 m/s and a PETN powder bed initially at 50% TMD.
The thick line is the separatrix of the characteristics.
FIG. 14. Color online Details of field values of u+c and C+ characteristic
lines for a flow generated by a reverse piston impact simulation with a
piston velocity of 400 m/s and a PETN powder bed initially at 75% TMD.
The thick line is the separatrix of the characteristics.
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the same experiment. For example consider the experiments
by Luebcke et al.14 and by Gifford et al.,40 where a column
of low density ultrafine PETN powder particle size of ap-
proximately 1 m at 29% TMD was ignited using a ther-
mal initiator. Streak records of the event transients of each
experiment were taken. Two events under similar initial con-
ditions were recorded using powder beds of the same pack-
ing density. Both events exhibited DDT, but the observed
distances to detonation were roughly 10 and 60 mm in each
instance. This variability in the distance to detonation occurs
at a wide range of initial powder bed densities but is higher
for low initial bed compactions. This behavior can also be
seen in Refs. 12 and 14, where the change in the distance to
detonation length, x, was plotted as a function of the initial
density of the PETN powder bed, showing that there is con-
siderable scatter in the experimental data shown in Fig. 6.
Also, scatter was observed in earlier experiments by Stirpe et
al.16 when they measured the distance to detonation breakout
for different initial shock pressures in PETN powders with
grain sizes between 130 and 160 m, as shown in Fig. 3.
The origin of the variability in the measurements of the
distance to detonation and of the distance to detonation brea-
kout is not fully understood. It is likely that a significant
source is the variability in the microstructure in the powder
bed. The size of the grains in PETN powders depends on the
type of powder used but is usually distributed between 50
and 200 m. To illustrate the effects of the microstructure,
consider the following case. The thickness of the compaction
wave depends on the strength of the initiation source. For
example, using the calibrated model we present here or data
from Ref. 16, a piston velocity of 0.4 mm /s impacting a
bed with 0=0.7 generates a compaction wave traveling at
roughly 1.2 mm /s see Fig. 2 with a thickness of 0.5 mm,
which is only the size of a few particles. The distance to
detonation breakout for this case, from Fig. 6, is approxi-
mately 1 mm, or about five to ten times the average particle
diameters. The residence time of the particle through the
compaction wave is roughly 0.4 s. The scale of these ex-
periments and the scale of the microstructure are similar,
making it reasonable to expect the microstructure to have a
significant effect on the mechanics of DDT in explosive
powders.
In many experimental studies the data are summarized
by the presentation of regression curves, representing aver-
age behaviors of the mechanics. The model shown in this
study is calibrated to these regressions and does not reflect
the effects that the variability in the microstructure has on
events such as burning and detonation. Efforts to address this
issue are currently being undertaken in order to develop a
model that can be used to fully characterize the variability
observed in DDT measurements by including the effects that
the microstructure has on the generation of hotspots and
burning.
V. SUMMARY AND CONCLUSIONS
We have described a model that is able to capture the
sequence of events that lead to a DDT in PETN powders. We
use a simple model formulation based on the conservation
laws for a reactant-product continuum mixture, along with a
nonideal EOS with a mixture equation. We account for com-
paction and reaction separately by using a field variable for
each process. We showed that our model produces results
that agree qualitatively with a wide range of observed experi-
mental results.
We have shown that in flows calculated using a nonideal
EOS and complex reaction kinetics, it is possible to find a
separatrix or C+ characteristic that delimits the region of in-
fluence of the detonation wave from the dynamics of the
flow behind it.
We have emphasized that the microstructure of explosive
powders may have a considerable effect on the mechanics of
DDT for a single isolated event. This effect manifests itself
as variability in the measurements of quantities used to char-
acterize explosive powders, such as the distance to detona-
tion as a function of the initial packing density of the powder
beds. The model described here can provide a baseline for a
stochastic analysis of the effects that variation in the micro-
structure may have on the overall behavior mechanics of
DDT in explosive powders.
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APPENDIX: WIDE-RANGING EQUATION OF STATE
Here we write the equations used in the WR-EOS. For
more details on this EOS, the reader is referred to Ref. 31.
1. Detonation products
The energy ep and pressure pp for products are expressed
as
FIG. 15. Color online Details of field values of u+c and C+ characteristic
lines for a flow generated by a reverse piston impact simulation with a
piston velocity of 400 m/s and a PETN powder bed initially at 100% TMD.
The thick line is the separatrix of the characteristics.
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epp,v = ep
s v +
v
pv
p − pp
s v A1
and
ppe,v = pp
s v +
pv
v
e − ep
s v , A2
where v is the specific volume, the subindex p indicates the
detonation product EOS, and the superindex s indicates that
a function is defined on the isentrope passing through the CJ
state. The remaining functions are defined as follows:
pp
s v = pc
 12 v/vcn + 12 v/vc−na/n
v/vck+a
k − 1 + Fv
k − 1 + a
, A3
Fv =
2av/vc−n
v/vcn + v/vc−n
, A4
pv = k − 1 + 1 − bFv , A5
ep
s v = ec
 12 v/vcn + 12 v/vc−na/n
v/vck−1+a
, A6
ec =
pcvc
k − 1 + a
, A7
where pc, vc, a, k, n, and b are parameters that are adjusted to
calibrate experimental data.
2. Detonation reactants
The equations for energy er and pressure pp of the reac-
tants are
erp,v = er
sv +
v
rv
p − pr
sv A8
and
pre,v = pr
sv +
rv
v
e − er
sv , A9
where the pressure on the principal isentrope is calculated
via
pr
sv = pˆ
j=1
3
4By j
j! + C
4By4
4!
+
y2
1 − y4 , A10
where A and B are determined from shock Hugoniot data
from experiments, the subscript r denotes reactant EOS, y
=1−v /v0, and pˆ=rho0A2 /4B. The remaining functions are
defined as follows:
er
sv = v0
0
y
pr
sy¯dy¯ + e0, A11
ry = r
0 + Zy , A12
r
0
= c0
2/Cp, A13
Z = sc − r
0/ymax, A14
ymax =
2
pymax + 2
, A15
where  is the thermal expansion coefficient, Cp is the spe-
cific heat at constant pressure, and c0 is the bulk sound
speed.
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